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INSTRUCTIONS

Use black ink or black ball-point pen. Pencil should
only be used for drawing.

Answer ALL questions.

You must answer each question in the space provided
for that question. If you require extra space for your
answer(s), use the lined pages at the end of this book.
Write the question number against your answer(s).

Do NOT write on blank pages.

Show all necessary working; otherwise marks for
method may be lost.

Do all rough work in this book. Cross through any work
you do not want to be marked.

INFORMATION

The marks for questions are shown in brackets.

The maximum mark for this paper is 100.

ADVICE

Unless stated otherwise, you may quote formulae,
without proof, from the booklet.

You do not necessarily need to use all the space
provided.

DO NOT TURN OVER UNTIL TOLD TO DO SO
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4
Answer ALL questions in the spaces provided.

1 Given that z is a complex number, and that z* is
the complex conjugate of z, which of the
following statements is NOT always true?

Circle your answer. [1 mark]
) =2z zz* = |Z|2

(z

(—2z)* = —(z) z—z2*=z" -z

0 4
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2 Which of the straight lines given below is an
asymptote to the curve

where a is a non-zero constant?

Circle your answer. [1 mark]
y=ax +a y=ax

y=ax—a y=a

[Turn over]
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6
The set A is defined by
A={x:-/2<x<0}u{x:0<x< 2}

Which of the inequalities given below has A as
its solution?
Circle your answer. [1 mark]

|x2-1]>1 |x2—-1]>1

|Ix2-1| < 1 |x2 -1 <1
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4 The positive integer k is such that

k
> (Br—k)=90

r=1

Find the value of k. [3 marks]

[Turn over]
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5 A curve has equation y = coshx

Show that the arc length of the curve from
x=a to x=b,where 0 <a<b,isequalto

sinhb —sinha

[4 marks]

0 8
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10

A circle C in the complex plane has
equation |z—2-5i|=a

The point z4 on C has the least argument of any

point on C, and arg(zq) = L

4

3./2
Prove that a = T [6 marks]
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7 The points A, B and C have coordinates
A4, 5, 2), B(—3, 2, —4) and C(2, 6, 1)

7 (a) Use a vector product to show that the area of

triangle ABC is > 211

[4 marks]
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7 (b) The points A, B and C lie in a plane.

Find a vector equation of the plane in the form
rn =k [1 mark]

1 4
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7 (c) Hence find the exact distance of the plane from
the origin. [1 mark]

[Turn over]
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8 (a)
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16

A parabola P4 has equation y2 = 4ax where
a>0

b
P, is translated by the vector [0],

where b > 0, to give the parabola P,

The line y = mx is a tangent to P

Prove that m = + \/%

Solutions using differentiation will be given no
marks. [4 marks]
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8 (b)
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18

The line y = \/gx meets P, at the point D.

The finite region R is bounded by the x-axis, P,
and a line through D perpendicular to the x-axis.

The region R is rotated through 27 radians
about the x-axis to form a solid.

Find, in terms of a and b, the volume of this
solid.

Fully justify your answer. [5 marks]
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9 (a) Find the eigenvalues and corresponding
eigenvectors of the matrix

- 4 2
5 5
M=
-3 1
. 5 10._

[5 marks]

2 0
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9 (b) Find matrices U and D such that D is a diagonal
matrix and M = UDU™ [2 marks]

9 (c) Given that M” - L as n — oo, find the
matrix L. [4 marks]

2 2
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9 (d) The transformation represented by L maps all
points onto a line.

Find the equation of this line. [2 marks]

2 4
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10 Prove by induction that f(n) = n3 +3n2+8n
is divisible by 6 for all integers n > 1 [7 marks]

2 6
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11 The line L4 has equation

x—-2 _yt+t4 4:-5
3 8 5

The line L, has equation

-

Find the shortest distance between the two
lines, giving your answer to three significant
figures. [8 marks]

2 8
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12 (a)

32

32

Abel and Bonnie are trying to solve this
mathematical problem:

z =2 -3i is aroot of the equation
223 +mz%2+pz+91=0

Find the value of m and the value of p.

Abel says he has solved the problem.

Bonnie says there is not enough information to
solve the problem.

Abel’s solution begins as follows:

Since z =2 -3i is a root of the equation,
z =2+ 3i is another root.

State ONE EXTRA piece of information about m
and p which could be added to the problem to

make the beginning of Abel’s solution correct.
[1 mark]
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12 (b) Prove that Bonnie is right. [4 marks]

[Turn over]
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o0
13 (a) Explain why J x2e72* dx is an improper
3
integral. [1 mark]

0
13 (b) EvaIuateJ x2e72* gx
3

Show the limiting process. [9 marks]
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14 Let

Sn= ) (r + 1)(r + 3)

r=1

where n > 1

14 (a) Use the method of differences to show that

_ 5n2 + an
12(n + b)(n + ¢)

n

where a, b and c are integers. [6 marks]

[Turn over]
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12
14 (b) Show that, for any number &k greater than ?,

if the difference between E and §,, is less

than —, then
k

>k—5+\/k2+1

2

n

[6 marks]

4 2
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46

=

— gl

Two tanks, A and B, each have a capacity of
800 litres.

At time 7 = 0 both tanks are full of pure water.

When ¢ > 0, water flows in the following ways:

Water with a salt concentration of u grams per
litre flows into tank A at a constant rate

Water flows from tank A to tank B at a rate of
16 litres per minute

Water flows from tank B to tank A at a rate of
r litres per minute

Water flows out of tank B through a waste
pipe

The amount of water in each tank remains at
800 litres.

At time 7 minutes (¢ > 0) there are x grams of
salt in tank A and y grams of salt in tank B.
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This system is represented by the coupled
differential equations

dx

— =36 —0.02x + 0.005y (1)
dz

Y 0.02x—0.02 2)
—_— = . X — VU.

dr Y

15 (a) Find the value of r. [2 marks]

[Turn over]
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15 (b) Show that u =3 [3 marks]

4 8
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15 (c) Solve the coupled differential equations to find
both x and y in terms of r. [9 marks]

[Turn over]
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END OF QUESTIONS

51



BLANK PAGE

52

52



53

Question| Additional page, if required. Write the
number | question numbers in the left-hand margin.
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Question| Additional page, if required. Write the
number | question numbers in the left-hand margin.
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number | question numbers in the left-hand margin.
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Question| Additional page, if required. Write the
number | question numbers in the left-hand margin.
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